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Time-Domain Stability Robustness Measures
for Linear Regulators

Rama Krishna Yedavalli*
Stevens Institute of Technology, ‘Hoboken, New Jersey
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The stability robustness aspect of linear systems is analyzed in the time domain. A bound on the perturbation
of an asymptotically stable linear system is obtained to maintain stability using Liapunov matrix equation solu-
tion. The resulting bound is shown fo be an improved upper bound over the ones recently reported in the
literature. The proposed methodology is then extended to Linear Quadratic (Q) and Linear Quadratic Gaussian
(LQG) regulators. Examples given include comparison with an aircraft control problem previously analyzed.

Nomenclature
R« =real vector space of dimension «
) = Dirac delta function
M1 =eigenvalue of the matrix [-]
p[-] =spectral radius of the matrix [ -]

o[-] =singular values of the matrix [ -]
s =symmetric part of a matrix [ -]

11 =modulus matrix = matrix with modulus entries
.11 =Euclidean norm of a matrix [-]

11l =spectral norm of a matrix [ ] =0, [ -]

Introduction

N the present-day applications of control systems theory

and practice, one of the fundamental challenges facing a
control system designer is to account for and accommodate
the inaccuracies in the mathematical models of physical
systems used for controller design. The inevitable presence of
these errors in the model used for design eventually limits the
attainable performance of the control system designs pro-
duced by either classical (frequency-domain) or modern
(time-domain) control theory. Thus, it is clear that
robustness is an extremely desirable, sometimes necessary,
feature of any proposed feedback control design, espec1a11y
for large-scale linear regulators.

For our present purposes, a robust control de51gn is that
design which behaves acceptably (i.e., satisfactorily meets
the system specifications) even in the presence of modeling
errors. Since the system specifications could be either in
terms of stability and/or performance (regulation, time
response, etc.), we can’ conceive two types of robustness,
namely, stability robustness and performancé robustness.
Limiting our attention in this research to parameter errors as

the type of modeling errors that may cause instability or per-

formance degradation 'in the system, we formally define
stability robustness as maintaining closed-loop system stability
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and performance robustness as maintaining a satisfactory
level of performance, in the presence of -modeling errors,
mainly parameter variations.

This paper addresses the aspect of stability robustness in
multivariable LQG regulators. Even though the aspect of per-
formance robustness (or regulation robustness, to be more
precise for the case of regulators) is equally important, it is
known that performance-robustness studies assume or require
stability to start with. This paper, therefore, concentrates on

* the stability robustness aspect. The recent published literature

on this stability robustness analysis can be viewed from two
perspectives, namely, frequency-domain analysis and time-
domain analysis. The analysis in the frequency domain is car-
ried out using the singular-value decomposition,'* where the
nonsingularity of a matrix is the criterion in developing the
robustness conditions. Barrett* presents a useful summary and
comparison of the different robustness tests available with
respect to their conservatism. Bounds are obtained by Kantor
and Andres® in the frequency domain using eigenvalue and M-
matrix analysis. On the other hand, the time-domain stability-
robustness analysis is presented using Liapunov stability
analysis starting from Barnett and Storey,® Bellman,” Desoer
et al.,® Davison,® Ackermann,!® Franklin and Ackermann,!!
Barmish et al.,'? and Eslami et al.' (in the context of robust
controller de51gn) Despite the availability of considerable
analysis of the time-domain stability conditions in the above
referenices, explicit bounds on the perturbation of a linear
system to maintain stability have been reported only recently
by Patel, Toda, and Sridhar,'* Patel and Toda,'® and Lee.!¢
In Ref. 15, bounds are given for highly structured perturba-
tions as well as for weakly structured perturbations (according
to the classification given by Barrett*) while Lee’s condition!¢
treats weakly structured perturbations. Highly structured per-
turbations are those for which only a magnitude bound on in-
dividual elements of the perturbation matrix is known for a
given model structure. Weakly structured perturbations are
those for which only a spectral norm bound for the error is
known.

In this paper the analysis is carried out in the time domain
(along the lines of Patel and Toda'®). A new mathematical
result!? is presented for the case of highly structured pertur-
bations which will provide an improved upper bound over
Ref. 15. An aircraft control example is presented which il-
lustrates the ‘‘optimism’’ of the proposed bound compared
with the one provided by Ref. 15. The analysis is then ex-
tended to the case of LQ (Linear Quadratic) and LQG
(Linear Quadratic Gaussian) regulators. The usefulness of



JULY-AUGUST 1985

the proposed analysis in designing robust controllers is
discussed.

Stability Robustness Measures
in the Time Domain for Linear State Space Models
In this section we first present the recently available
robustness measures of Patel et al.!> Then a new robustness
measure is presented for structured perturbation, and this
measure is shown to be an improved measure in the sense
that it is less conservative than the result of Ref. 15.

Robustness Measures According to Patel and Toda:

In Ref. 15, Patel and Toda consider the following state

space description of a dynamic system,
(D =Ax(®) + Ex() = (4 + E)x(¢) 6

where x is the n-dimensional state vector (R”), A an nXxn
time invariant asymptotically stable matrix, and E an nxn
error matrix. However, in a practical situation, one doesn’t
exactly know the matrix E. One may only have knowledge of
the magnitude of the maximum deviation that can be ex-
pected in the entries of 4. In this case (highly structured per-
turbation), the entriés of E are such that

IE;| <e ()]
where ¢ is the magnitude of the maximum deviation.

For this sitiation, it is shown in Ref. 15 that the system of
Eq. (1) is stable if

pp_ 1 1
e<—=——— 3a
n n o4, [Pl (3a)
.where
! ‘ (3b)
pp=—r—"
P Umax [P]

and P is the solution of the Liapunov matrix equation
ATP+PA+2I,=0 (I,isannx n-identity matrix) )

~ In what follows, we present the main mathematical result

(as a new theorem'”) which forms the basis for developing a

condition for the stability of a perturbed matrix.

Main Result
Let F and E be two real matrices.

Lemma I: If F, is negative definite, then the matrix F, + E,
is negative definite if

PULE(F) ™15} = 0aun{ [EF) 11} <1 &)

Proof: Given in Appendix A.

We now apply the above result to get an upper bound for.

the perturbation matrix E of system (1), assuming a highly
structured perturbation.

Theorem I: The system matrix A + E of Eq. (1) is stable if

1 Ky

E,)  —e<———=F¥
A N AT

(62)

where
n

—_— =y (6b)
omx [ 1PIU, T, 7

and U,, is an nxn matrix whose entries are unity, i.e.,
Uy=1 for all i, j=1,...n, and P satisfies the Liapunov
equation given by Eq. (4).
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Example 1: We consider the same example as the one con-
sidered in Ref. 15. The nominally stable system matrix is

-3 =2
A=| 0
1 0
Applying the analysis of Ref. 15, and this paper, fhe
following bounds are obtained

Patel and Toda Yedavalli
Bp ‘ by v
0.382 0.472 . 8)

Thus the proposed robustness measure gives an improved
upper bound.

Theorem 2: The bound py=ppif IP1 =P )
Proof: It can be seen that

1/640 (\1P1U); < 0, (1P1U)

< Opax(IP1) 0,00 (U) < 0,0 (P (10)
Thus »

1/60ax(\PIU,), = I/a;nax(P)n (11)

—n/0ma [(IP IUn)s] =1/0,,, [P] 12)

Extension to Linear Regulators

We now extend the above analysis to the case of large-
scale linear regulators having parameter variations as the
modeling error. ‘

Let us consider a continuous, linear, time-invariant system
described by

x(f) = Ax(f) + Bu(f) + Dw(p), x(0)=x, (13a)
() = Cx(f) ' (13b)
2(6)y = Mx(t) + v(®) . ’ (13¢)

where the state vector x is # X 1, the control iz is m X 1, the ex-
ternal disturbance w is g X 1, the output y (the variables we
wish to control) is £ X 1, and the measurement vector z is £x 1.
Accordingly the matrix A4 is of dimension nxXn, Bis nxm, D
isnxgq, Cis kxn and M is {X n. The initial condition x(0) is
assumed to be a zero-mean, Gaussian random vector with
variance X, i.e.,

E[x(0)] =0, E[x(0)xT(0)] =X, (14)
Similarly the process noise w(r)-and the measurement noise
v(?) are assumed to be zero-mean white-noise processes with
Gaussian distributions having constant covariances W and V,
respectively, i.e.,

E[w®]=E[v(®)] =0 15)
E { w(®) } [wT(7) vT(D] { w0 }
= &(t—1)
v(f) 0 Vo
(16)

where p, is a scalar greater than zero and V=p,V,.
Let the above system be evaluated for any control # by the
quadratic performance index

. b I
J= lim TE{SO [OT(MQOy(1) + uT('r)pcRou(T)]dr} a7

{00
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where scalar p, >0, and Q R,, are (kx k) and (mxm) sym-
metric, -positive definite matrices, respectrvely .

For the case of a deterministic system, the following
modifications in the system description ‘are in order 1)
Dw=0, v=0; 2) the initial condition, x(0)=x,, x,x}=X,.
And the index J of Eq. (17) reads

7= vr0ono +uT e Rpuwar a8)

. If the state x(#) of the stochastlc system is estimated as a -

functron of the measurements, we assume the state estimator
to be of the following structure

0= A%(t) + Bu+ GE) \ (19)
where :

) =2(t)— M&Q)

is called the measurement residual. For minimum variance re-
quirement, the estimator of Eq. (19) is the standard Kalman
filter.'® We refer to the system presented in this section as the
basic system.

Also, the following assumptlon is made wrth respect to the
miodel described by Eqs. (13):

Assumption I: The matrix pau‘s [A B 1 and (A,D] are
completely controllable, and the pairs [4,C] and [A4,M] are
completely observable.

Case I: LQ Regulators

For this case, the nominal closed-loop system matrix is

given by
Ao =A+BG © (209)
where o ‘
6=—1r; 157K (20b)
>
and .
KA +ATK—KB%‘?_—IBTK+ CcTQC=0 (20¢)
: Pe

i..et AA, AB, and AG be the maximirm' modulus perturbations
in the system matrices A, B, and G, respectively. Then the per-
turbed system matrix is . ,
Acrp =(A +AA)+(B+AB)G+AG) (03]
Desigh Observation 1: The perturbed LQ regulator system
is stable for all perturbations in A, B, and G, in the sense of
Eq. (2), if

e= I(AA + ABIG| + |B+ABIAG) e <
=1/00e [(P\U,), ] | (22a)

where P satisfies
AL P+PA =-2I, ' (22b)
Note that ¢ and py are functions of the control gain G.

Case 2: LQG Regulators:

For this case the optimal control for nominal values of the
parameters is given by

.1 "
u=Gx=-—R;'BTKX (23a)

4
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where ‘
$= A%+ Bu+ Ga—MD, H0)=0 (23b)
— (A+BG-GMyi+ Gy (239
G= %PMT vyl v (23d)

and P and K satisfy the algebraic matrix Riccati equations

: R . o
KA+ATK—KB—"BTK+CTQC=0 23e)
Pe
PAT+AP PMT MP+DWDT 0 (23f)
Pe

The nominal closed-loop systeni is given by

HEFSIMIIMN

(24a)
MRS
= (24b)

u 0 G X

where A =A+BG-GM and the closed-loop system is
asymptotlcally stable.

We are now interested in examrmng the stabrlrty robustness
of the closed-loop system in the presence of parameter varia-
tions alone. Let A4, AB, AC, AM, AD,AG and AG be the
maxrmum—modulus perturbations in the system matrices, A4,
B, C, M, D, G; and G, respectively. Then the perturbed

system matrix can be written as

A+AA

Acp = N A
(G+AG)(M+AM) A +AA,

(B+AB)(G+AG)]
v (25)
Desxgn Observation 2: The perturbed LQG-regulator

system is stable for all perturbations in 4, B, C, M, D, G, and
G, in the sense of Eq. (2), if

Ky _ . n ‘
n o G [(IP1U,),] (26)
where
A BG
AcL= N N
M A, .
AA ABIG| + IB+ABIAG
| 161aM+ IM+AMIAG A4,

27
and P satlsfles Eq. (22b) w1th 12,, as the forcmg function.

Drscussron of the Design Observatrons

Some discussion about. the implications of these desrgn
observations is now in order. First, it may be noted that the
proposed stability conditions are conceptually similar to the
frequency-domain results reported in Ref. 1. However, there
are some interesting differences between these frequency- -
domain and time-domain versions. Some preliminary observa-
tions are presented in the following sections. Secondly, these
design observations are useful in many ways in both the
analysis and synthesis of robust controllers, which are dis- -
cussed in later sections.
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Comparison and Contrast Between Frequency-Domain Analysis
and the Time-Domain Analysis

The main differences between the frequency-domain treat-
ment and the time-domain treatment are as follows:

1) In the frequency-domain treatment the stability-
robustness condition involves the calculation of singular
values of a complex matrix at various frequencies. In the
stability conditions of the time domain, no time dependence is
present. Only the eigenvalues of a real symmetric matrix are to
be computed.

2) In the case of frequency-domain results, the perturba-
tions are mainly viewed in terms of gain and phase changes.!?
In the proposed time-domain analysis, the perturbations are
viewed as system parameter variations with. constant, fixed
gains. It may be noted that in the time-domain treatment the
nominally stable closed-loop matrix and the perturbed closed-
loop matrix are both functions of the constant controller
gains.

3) In the frequency-domain treatment, considering an
uncertainty, for example, as an additive perturbation, several

stability-robustness conditions can be written which do not . .

imply each other for practical systems.?® In the present time-
domain approach, such difficulty is not present, as the pertur-
bations are modeled as additive perturbations and yield only
one robustness test.

These are some of the prehmmary observations made with
respect to the frequency-domain and time-domain approaches
for stability robustness. Evidently further inroads have to be
made in the investigation of this relationship, and this is sug-
gested as a future-research topic. In the following section the
usefulness of the proposed design observations is briefly
discussed.

Usefulness of the Design Observations

The proposed design observations are helpful in many ways.

1) Given the peturbations A4, AB, and AM, one may deter-
mine the controller gains to achieve stability robustness.

2) This type of perturbation bound analysis can be used to
compare different models and control design schemes from a
stability-robustness pomt of view, as well as in robust con-
troller design.

3) Finally these tests can have applications in splllover-
reduction problems and sensor/actuator location problems.

By

¥p

bl L L P N

o ;
.1 .25 .51 5 10 50 10° | 10" 10°

q
Fig. 1 Plot of p vs g.

Table 1 Variation of py and pp with ¢

q Hp Ry
0.1 0.0050 0.0061
0.25 0.0082 0.0093
0.5 0.0107 0.0125
1.0 0.0137 0.0164
5 0.0213 0.0272
10 0.0240 0.0322
50 0.0305 0.0420
102 0.0323 0.0451
104 0.0364 0.0530
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_Applicaﬁon to an Aircraft Control Problem

We now consider the same application example as the one
considered by Patel, Toda, and Sridhar in Ref. 14. For com-
pleteness, we briefly reproduce here the mathematical model
of Ref. 14.

In Ref. 14, the system chosen is the flare control of the
Augmentor Wing Jet' STOL Research Aircraft (AWJSRA).
The purpose of the flare control is to make a smooth transi-
tion from an initial steep flight-path angle of —7.5 deg on the
glide slope at an altitude of approximately 65 ft to a final
smaller flight-path angle (—1 deg) more appropriate for
touchdown.

The equations for the longitudinal dynamics of the
AWIJSRA at an airspeed of 110 ft/s and flight-path angle of
—1 deg are given by

x=Ax+Bu (28a)
where

x = [6v &y 80 6q ST
=[dedn]T;

Bv =change in airspeed, ft/s

&y =change in flight-path angle, deg

60" =change in pitch angle, deg

8q =change in pitch rate, deg/s .

6k =deviation from nominal altitude, ft

de =change in elevator deflection, deg

én =change in nozzle angle, deg

[—0.0547 -0.298 —0.2639 —0.0031 0.0
0.16 —04712 0.4661 0.0437 0.0
A=| 00 0.0 0.0 1.0 00
0.1752  0.1236 -0.1236 -1.3 0.0
| —0.0174 1.9 0.0 00 00 |
 (8b)
[—0.00315 ~0.0943
0.0408  0.0224
B=| 00 0.0 (28¢)
~1.1200 —0.08
0.0 0.0

The open-loop poles of the system are at 0.0, —0.0105
+j0.2737, ~0.6757, and —1.129.°

The performance index considered is
J= Sa xTOx + uTRu)dt 29)

with R=diag [16, 0.5] and Q=gI;.

Applying the analysis of Ref. 15 and this paper, the bounds
uy and up and their variations with g are summarized in Table
1 and Fig. 1.

Clearly py is greater than up for the values of g considered,
and the “‘optimism’’ of py over up increases as g is increased.

Conclusions

In this paper, stability-robustness analysis is carried out in
the time domain, which promises to be a viable supplement
and/or alternative to the frequency-domain approach, par-
ticularly for linear state space models. An improved upper
bound on the perturbation of an asymptotically stable linear
system is obtained which is easy to determine numerically. Ex-
tension to LQG regulators is discussed. Some advantages of-
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this time-domain approach are tractability of problem for-
mulation, explict consideration of model-error information,
and computational simplicity.

Appendix A
Proof of Lemma 1.

Let p[(E(F,)~"),1<1

= INE(F) ™) lmax <1

—~ INE((F) ™) 1<1

—I+N{E(F)11>0

=N+ (E(F) )} >0

NI+ E(F)11,1>0

— [T+ E,(F;)~"] is positive definite

—~[I+E,(F)~'][—F,] has positive, real eigenvalues
because 1) if A; and B, are positive definite, AB, has positive
real eigenvalues (Ref. [21, 6] and 2) if A, is negative definite,
—A; is positive definite and hence —F; is positive definite

(Ref. [6]).

— —(F + E,) has positive, real eigenvalues
[because [I+E (F,)~'1[—F,]1= ~(F,+E,)]

— —(F, + E;) is positive definite (because - (F +E) is sym-
metric too)

—(F, + E,) is negative definite
~(F + E), is negative definite
—(F+ E) has negative real part eigenvalues

—(F+E) is stable.

Appendix B
Proof of Theorem 1: Consider

x=(A+E)x(f) (B1)

where 1E; |, =€ (scalar) and A=eU,, where U, is an
nxn matnx with U, =1 forall i, j=1,2,.

Let V(x)= xTPx>0 be the Llapunov functlon for the
system in Eq. (B1) where P is the symmetrlc posmve definite
solution of

ATP+PA=-2I, B

Then
V(x) = —xT2I,x+xT(ETP+ PE)x (B3)
Now
Let e<———
Omax(IP1U,)s

— 0 (IP1A), <]
~ O (PE), < 1
~Omax [~ (PE),] <1

Onax [(PE)(~1,)"1,< 1

— [ —1I,+ (PE),] is negative definite (from Lemma 1)

J. GUIDANCE

—[—2I,+ETP+ PE] is negative definite
— V(x) Eq. (B3)is <0 for all x

—(A+E) of Eq. (Bl) is stable.
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